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Abstract
We study whether it is possible to design a “classical” spatially flat bouncing cos-
mology or a static, spherically symmetric asymptotically flat Lorentzian wormhole in
cubic Galileon theories interacting with an extra scalar field. We show that bouncing
models are always plagued with gradient instabilities, while there are always ghosts in
wormhole backgrounds.
1 Introduction
Generalized Galileon theories are capable of violating the null energy condition (NEC) with-
out obvious pathologies (ghosts, gradient instabilities, etc.). Galileon Lagrangians are quite
peculiar: they involve second derivatives, but the corresponding field equations are never-
theless of the second order [1–5].
The original Galileon theories have been generalized in various ways and used for con-
structing nontrivial solutions within general relativity [6–17]; for a review, see Ref. [18].
Among the applications of Galileon theories are, for example, the Genesis cosmological sce-
nario [19], bouncing universe models [20–28], and also an attempt to describe the creation
of a universe in the laboratory [29].
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While, in the cosmological context, the energy density of Galileons can indeed increase in
time in a healthy way, constructing a complete bouncing or Genesis cosmology (full evolution
from t = −∞ to t = +∞) is a challenge. For example, one can construct a spatially flat
bouncing model without pathologies at or near the bounce [21,30], yet, in known examples,
the gradient instabilities occur at some later or earlier epoch [22, 24–26]. Although these
instabilities have been argued to remain under control due to higher derivative terms [31], it
would be interesting to design an example of a complete “classical” bouncing cosmological
model without ghosts and gradient instabilities.
Another potential application of the NEC violation is a putative construction of stable
asymptotically flat Lorentzian wormholes. However, previous attempts to design a wormhole
supported by Galileon have failed [32, 33].
It is worth noting that there exist bouncing models with nonzero spatial curvature [34,35].
Likewise, there are Lorentzian wormholes which are not asymptotically flat [35]. These solu-
tions employ scalar fields with fairly conventional kinetic terms that do not violate the NEC.
On the contrary, we are interested in spatially flat bouncing cosmologies and asymptotically
flat wormholes, which necessarily require NEC violation (hence our interest in Galileons).
Recently, two no-go theorems have been proven in the Galileon context [33,36,37]. Both
apply to general relativity with the Galileon field and no other matter. One theorem shows
that spatially flat bouncing cosmological solutions are always plagued with gradient insta-
bilities [36,37]. The other states that, in cubic Galileon theory, static spherically symmetric
Lorentzian wormholes are always plagued with ghosts [33].
One might hope that these problems can be overcome by adding extra non-Galileonic
matter. This matter, if it satisfies the NEC, must interact with Galileon directly; otherwise,
the above theorems remain valid [33,36,37]. The simplest option is to add a scalar field with
first-derivative terms in the Lagrangian. This is precisely the system studied in this paper.
Somewhat surprisingly, we show that, at least for cubic Galileon, the above theorems are
still at work: there are always gradient instabilities about bouncing cosmological solutions,
and there always exist ghosts in backgrounds of static spherically symmetric Lorentzian
wormholes.
Concerning wormholes, our spherically symmetric setting is not general. That is, we
do not consider a cross term in a metric characteristic of Newman-Unti-Tamburino (NUT)
spacetimes. In view of recent interesting results on NUT wormholes [35,38], this generaliza-
tion is worth pursuing in the future.
The paper is organized as follows. In Sec. 2 we present the Lagrangian of the theory and
obtain the expression for the stress-energy tensor. We also derive the equations of motion for
Galileon and additional scalar field and quadratic Lagrangian for their perturbations. In Sec.
3 we consider spatially flat bouncing Friedmann-Lemaˆıtre-Robertson-Walker backgrounds
and show that perturbations about them always have gradient instabilities at some epoch.
2
In Sec. 4 we study static, spherically symmetric Lorentzian wormholes and show that they
are always plagued with ghosts. We conclude in Sec 5.
2 The class of theories
We study the class of theories with the Galileon field pi interacting with an additional scalar
field φ and gravity. The Lagrangian of this theory in (d+2)-dimensional space-time has the
form
L = −
1
2κ
R + F (pi,X, φ, X˜, Y ) +K(pi,X, φ)pi, (1)
where
X = (∂pi)2 = gµν∂µpi∂νpi, X˜ = (∂φ)
2 = gµν∂µφ∂νφ, Y = g
µν∂µpi∂νφ,
pi = gµν∇µ∇νpi,
R is the scalar curvature, and κ = 8piG. We do not study the case in which the function
K depends on X˜ and/or Y since the equation of motion for pi would contain the third
derivatives of φ.
The stress-energy tensor∗ corresponding to the Lagrangian (1) reads
Tµν =− gµνF + 2FX∂µpi∂νpi + 2FX˜∂µφ∂νφ+ 2FY ∂µpi∂νφ
+ gµνKpi∂ρpi∂
ρpi + gµνKφ∂ρpi∂
ρφ− 2Kpi∂µpi∂νpi − 2Kφ∂µpi∂νφ
+ 2gµνKX∇
ρ∇λpi∂ρpi∂λpi + 2KXpi∂µpi∂νpi − 4KX∇µ∇
ρpi∂ρpi∂νpi.
(2)
One obtains one equation of motion by varying the field pi in the Lagrangian (1),
∇µ∇
νpi[−4FXX∂
µpi∂νpi − 4FXY ∂
µpi∂νφ− FY Y ∂
µφ∂νφ
+ 4KpiX∂
µpi∂νpi + 2KX∇
µ∇νpi + 4KXX∇
µ∇ρpi∂ρpi∂νpi + 4KXφ∂
µpi∂νφ]
+∇µ∇
µpi[−2FX + 2Kpi − 2KpiX∂µpi∂
µpi − 2KXpi − 2KXφ∂µpi∂
µφ]
−∇µ∇
νpi · ∇ρ∇
ρpi · 4KXX∂
µpi∂νpi
+∇µ∇
νφ[−4FXX˜∂
µpi∂νφ− 2FXY ∂
µpi∂νpi − 2FX˜Y ∂
µφ∂νφ− FY Y ∂
µpi∂νφ]
+∇µ∇
µφ[−FY +Kφ] + 2KXRµν∂
µpi∂νpi + . . . = 0.
(3)
Hereafter, dots denote terms without second derivatives, and
Fpi =
∂F
∂pi
, FX =
∂F
∂X
, Fφ =
∂F
∂φ
, FX˜ =
∂F
∂X˜
, FY =
∂F
∂Y
∗We use the mostly negative metric {+−, · · · ,−}.
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and similarly for the function K. The equation of motion obtained by varying the field φ
has the form
∇µ∇
νpi[−4FXX˜∂
µpi∂νφ− 2FXY ∂
µpi∂νpi − 2FX˜Y ∂
µφ∂νφ− FY Y ∂
µpi∂νφ]
+∇µ∇
µpi[−FY +Kφ]
+∇µ∇
νφ[−4FX˜X˜∂
µφ∂νφ− 4FX˜Y ∂
µpi∂νφ− FY Y ∂
µpi∂νpi]
−∇µ∇
µφ · 2FX˜ + . . . = 0.
(4)
Let us consider the small perturbations χ = χ (xµ) and ϕ = ϕ (xµ) about solutions to the
field equations pic and φc, respectively. By substituting pi = pic + χ and φ = φc + ϕ into Eq.
(3) and omitting the subscript c, one obtains the equation of motion for the perturbations
χ and ϕ. We are interested in high momentum and frequency modes; therefore, we retain
only those terms with second derivatives and write
∇µ∇
νχ[−4FXX∂
µpi∂νpi − 4FXY ∂
µpi∂νφ− FY Y ∂
µφ∂νφ
+ 4KpiX∂
µpi∂νpi + 4KX∇
µ∇νpi − 4KXXpi∂
µpi∂νpi
+ 8KXX∇
µ∇ρpi∂ρpi∂νpi + 4KXφ∂
µpi∂νφ]
+∇µ∇
µχ[−2FX + 2Kpi − 2KpiX(∂pi)
2
− 4KXpi − 4KXX∇µ∇
νpi∂µpi∂νpi − 2KXφ∂µpi∂
µφ]
+∇µ∇
νϕ[−4FXX˜∂
µpi∂νφ− 2FXY ∂
µpi∂νpi − 2FX˜Y ∂
µφ∂νφ− FY Y ∂
µpi∂νφ]
+∇µ∇
µϕ[−FY +Kφ] + 2KXR
(1)
µν ∂
µpi∂νpi + . . . = 0.
(5)
Here, R
(1)
µν involves second derivatives of the metric perturbations. Following Ref. [39], we
integrate the metric perturbations out by making use of the Einstein equations Rµν−
1
2
gµνR =
κTµν . By substituting pi = pic + χ into the expression for the stress-energy tensor (2), one
obtains the following relation drawn from the linearized Einstein equations:
2KXR
(1)
µν ∂
µpi∂νpi = 2K2Xκ
[2(d− 1)
d
(∂pi)4χ− 4(∂pi)2∂µpi∂νpi∇µ∇
νχ
]
+ . . . ,
which is used in Eq. (5) to get rid of the second derivatives of the metric perturbations.
Linearized equation (4) reads
∇µ∇
νχ[−4FXX˜∂
µpi∂νφ− 2FXY ∂
µpi∂νpi − 2FX˜Y ∂
µφ∂νφ− FY Y ∂
µpi∂νφ]
+∇µ∇
µχ[−FY +Kφ]
+∇µ∇
νϕ[−4FX˜X˜∂
µφ∂νφ− 4FX˜Y ∂
µpi∂νφ− FY Y ∂
µpi∂νpi]
−∇µ∇
µϕ · 2FX˜ + . . . = 0.
(6)
Now we exploit the equations of motion (5) and (6) to construct the quadratic Lagrangian
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for perturbations:
L(2)χϕ =∂µχ∂
νχ
[
2FXX∂
µpi∂νpi + 2FXY ∂
µpi∂νφ+
1
2
FY Y ∂
µφ∂νφ
− 2KpiX∂
µpi∂νpi − 2KX∇
µ∇νpi + 2KXXpi∂
µpi∂νpi
− 4KXX∇
µ∇ρpi∂ρpi∂νpi − 2KXφ∂
µpi∂νφ
]
+∂µχ∂
µχ
[
FX −Kpi +KpiX(∂pi)
2 + 2KXpi
+ 2KXX∇µ∇
νpi∂µpi∂νpi +KXφ∂µpi∂
µφ
]
+∂µχ∂
νϕ
[
4FXX˜∂
µpi∂νφ+ 2FXY ∂
µpi∂νpi + 2FX˜Y ∂
µφ∂νφ+ FY Y ∂
µpi∂νφ
]
+∂µχ∂
µϕ
[
FY −Kφ
]
+∂µϕ∂
νϕ
[
2FX˜X˜∂
µφ∂νφ+ 2FX˜Y ∂
µpi∂νφ+
1
2
FY Y ∂
µpi∂νpi
]
+∂µϕ∂
µϕ · FX˜ −K
2
Xκ
[
2(d− 1)
d
(∂pi)4(∂χ)2 − 4(∂pi)2∂µpi∂νpi∂µχ∂
νχ
]
.
(7)
Let us now use this Lagrangian to study the stability of cosmological bounces and Lorentzian
wormholes.
3 No-go for cosmological bounce
In this section we prove the existence of gradient instabilities in spatially flat bouncing
cosmological models in the theory (1). The background fields pi(t) and φ(t) are spatially
homogeneous and the metric is
ds2 = dt2 − a2(t)γijdx
idxj ,
where γij = δij is the metric of (d+ 1)-dimensional flat space.
Equation (2) leads to expressions for the energy density and the pressure of the Galileon
and an additional scalar field,
T 00 = ρ = −F + 2FX p˙i
2 + 2FX˜ φ˙
2 + 2FY p˙iφ˙−Kpip˙i
2 −Kφp˙iφ˙+ 2(d+ 1)KXHp˙i
3, (8a)
−T ij = p · δ
i
j = (F −Kpip˙i
2 −Kφp˙iφ˙− 2KX p˙i
2p¨i) · δij, (8b)
where H =
a˙
a
is the Hubble parameter. The quadratic Lagrangian (7) reads
L(2)χϕ = Apiχ˙
2 − Bpi
(
∂iχ
a
)2
+ Aφϕ˙
2 −Bφ
(
∂iϕ
a
)2
+ 2CAχ˙ϕ˙− 2CB
∂iχ∂iϕ
a2
, (9)
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where
Bpi = FX −Kpi +KpiX p˙i
2 + 2KX p¨i + 2KXX p˙i
2p¨i +KXφp˙iφ˙ (10a)
+ 2dKXHp˙i −
2(d− 1)
d
κK2X p˙i
4,
Bφ = FX˜ , (10b)
CB =
1
2
(FY −Kφ), (10c)
and we do not need the expressions for Api, Aφ, and CA in what follows. The Friedmann
equation and the covariant stress-energy conservation give
H2 =
2
d(d+ 1)
κρ,
ρ˙ = −(d+ 1)H(ρ+ p),
so that
ρ+ p = −
d
κ
H˙. (11)
It follows from Eqs. (8), (10a), and (11) that
2Bpip˙i
2 = Q˙−
2(d− 1)
d
κKX p˙i
3Q+ 2
[
(Kφ − FY ) p˙iφ˙− FX˜ φ˙
2
]
, (12)
where
Q = 2KX p˙i
3 −
d
κ
H.
Note that the latter combination has been used in Ref. [36]. It is useful to write the La-
grangian for perturbations (9) in the matrix form:
L(2)χϕ = ψ˙
TMAψ˙ −
∂iψ
T
a
MB
∂iψ
a
,
where
ψ =
(
χ
ϕ
)
, MA =
(
Api CA
CA Aφ
)
, MB =
(
Bpi CB
CB Bφ
)
.
Gradient instabilities are absent if and only if the matrix MB is positive definite,
Bpi > 0, (13a)
Bφ = FX˜ > 0, (13b)
det(MB) = Bpi · Bφ − C
2
B > 0. (13c)
According to Eqs. (10a), (10b), (10c), and (12), the condition det(MB) > 0 reads
1
2p˙i2
[
Q˙−
2(d− 1)
d
κKxp˙i
3Q
]
· FX˜ + (Kφ − FY ) · FX˜
φ˙
p˙i
− (FX˜)
2
(
φ˙
p˙i
)2
−
1
4
(Kφ − FY )
2 > 0,
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or, equivalently,
2FX˜ ·
[
Q˙−
2(d− 1)
d
κKxp˙i
3Q
]
>
[
2FX˜ φ˙− (Kφ − FY )p˙i
]2
. (14)
The inequality (14), together with (13b), requires
Q˙−
2(d− 1)
d
κKxp˙i
3Q > 0. (15)
This is the same inequality as in the theory with a single Galileon [36]. It cannot be satisfied
at all times in the bouncing model. Indeed, let us introduce the combination R = Q/ad−1.
In terms of this combination, the inequality (15) reads
R˙ −
d− 1
d
κad−1R2 ≥ 0.
Upon integration from ti to tf ≥ ti, one obtains the inequality
1
R(ti)
−
1
R(tf )
≥
d− 1
d
κ
∫ tf
ti
dt ad−1. (16)
Suppose that R(ti) ≥ 0. Taking into account that, in bouncing cosmology, t runs from −∞
to +∞ and a(t) is bounded from below, one finds that R−1(t) necessarily crosses zero, which
signals the presence of a singular point R(t∗) =∞ during the evolution. The possibility that
R(t) is negative at all times is also inconsistent with (16) for nonsingular R(t)’s.
4 No-go for wormhole
A similar argument works for wormholes. The basic difference with the bounce is the permu-
tation of t and r; hence, as we now show, there are ghosts about static, spherically symmetric
wormholes rather than gradient instabilities.
A wormhole with the fields pi and φ is described by the static and spherically symmetric
solution pi(r) and φ(r) to the field equations (3) and (4), and the following metric:
ds2 = a2(r)dt2 − dr2 − c2(r)γαβdx
αdxβ ,
where xα and γαβ are the cordinates and the metric on a unit d-dimensional sphere. The
coordinate r runs from −∞ to +∞, and the metric coefficients are strictly positive and
bounded from below:
a(r) ≥ amin > 0, c(r) ≥ Rmin > 0, (17)
where Rmin is the radius of the wormhole throat.
7
The components of the stress-energy tensor (2) are
T 00 = ρ = −F −Kpi(pi
′)2 −Kφpi
′φ′ + 2KX(pi
′)2pi′′, (18a)
−T rr = pr = F + 2FX(pi
′)2 + 2FX˜(φ
′)2 + 2FY pi
′φ′
−Kpi(pi
′)2 −Kφpi
′φ′ − 2KX(pi
′)3
[
a′
a
+ d
c′
c
]
, (18b)
−T αβ = pt · δ
α
β = −T
0
0 · δ
α
β , (18c)
where prime denotes d/dr. Now we write the Lagrangian for the perturbations,
L(2)χϕ =Api
(
χ˙
a
)2
− Bpi (χ
′)
2
−Dpiγ
αβ ∂αχ∂βχ
c2
+Aφ
(
ϕ˙
a
)2
− Bφ (ϕ
′)
2
−Dφγ
αβ ∂αϕ∂βϕ
c2
+2CA
χ˙ϕ˙
a2
− 2CBχ
′ϕ′ − 2CDγ
αβ ∂αχ∂βϕ
c2
,
(19)
where
Api = FX −Kpi −KpiX(pi
′)2 − 2KXpi
′′ + 2KXX(pi
′)2pi′′ −KXφpi
′φ′ (20a)
− 2dKX
c′
c
pi′ −
2(d− 1)
d
κK2X(pi
′)4,
Aφ = FX˜ , (20b)
CA =
1
2
(FY −Kφ), (20c)
and we do not need the expressions for Bpi, Bφ, CB and Dpi, Dφ, CD. A combination of the
Einstein equations gives [33]
T 00 − T
r
r = ρ+ pr = −
d
κ
a
c
(
c′
a
)′
. (21)
It follows from Eqs. (18a), (18b), (20a), and (21) that
2Api(pi
′)2
c
a
= −Q′ −
2(d− 1)
d
κKX(pi
′)3Q+ 2
[
(Kφ − FY ) pi
′φ′ − FX˜(φ
′)2
] c
a
, (22)
where
Q = 2
c
a
KX(pi
′)3 +
d
κ
c′
a
.
Note that the latter combination was used in Ref. [33]. We again rewrite the Lagrangian for
perturbations (19) in the matrix form:
L(2)χϕ =
ψ˙T
a
MA
ψ˙
a
− (ψ′)TMBψ
′ − γαβ
∂αψ
T
c
MD
∂βψ
c
,
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where
ψ =
(
χ
ϕ
)
, MA =
(
Api CA
CA Aφ
)
, MB =
(
Bpi CB
CB Bφ
)
, MD =
(
Dpi CD
CD Dφ
)
.
Ghost instabilities are absent if and only if the matrix MA is positive definite. Therefore,
for an absence of ghosts, we have to impose
Api > 0, (23a)
Aφ = FX˜ > 0, (23b)
det(MA) = Api · Aφ − C
2
A > 0. (23c)
According to Eqs. (20a), (20b), (20c), and (22), the condition det(MA) > 0 reads
1
2(pi′)2
c
a
[
−Q′ −
2(d− 1)
d
κKX(pi
′)3Q
]
· FX˜ + (Kφ − FY ) · FX˜
φ′
pi′
− (FX˜)
2
(
φ′
pi′
)2
−
1
4
(Kφ − FY )
2 > 0,
i. e.,
2FX˜ ·
a
c
·
[
−Q′ −
2(d− 1)
d
κKX(pi
′)3Q
]
>
[
2FX˜φ
′ − (Kφ − FY )pi
′
]2
. (24)
The inequality (24), together with (17) and (23b), requires
−Q′ −
2(d− 1)
d
κKX(pi
′)3Q > 0. (25)
This is the same inequality as in the theory with a single Galileon [33]. It cannot be satisfied
for all r’s. Indeed, in terms of the combination R = Q/cd−1, the inequality (25) reads
−R′ −
d− 1
d
κacd−2R2 ≥ 0.
This inequality cannot be satisfied for nonsingular R for the same reason as in Sec. 3.
5 Conclusion
In this paper we generalized the no-go arguments [33,36,37] for bounces and wormholes to the
case of a Galileon interacting with another scalar field. We saw that adding of extra scalar
field modifies the relevant inequalities and makes them even stronger. The proofs of the
no-go theorems are of a technical character and the physical reason behind them is unclear.
Note, however, that the absence of stable wormholes can be interpreted as censorship against
time machines, while bounce is a cosmological analog of a wormhole. In this sense, both
no-go theorems have an intrinsic relationship with the inability to build a time machine.
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